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Abstract 

We systematically investigate instanton corrections from wrapped Euclidean 
D-branes to the matter field superpotential of various classes of N=l super- 
symmetric D-brane models in four dimensions. Both gauge invariance and 
the counting of fermionic zero modes provide strong constraints on the 
allowed non-perturbative superpotential couplings. We outline how the 
complete instanton computation boils down to the computation of open 
string disc diagrams for boundary changing operators multiplied by a one- 
loop vacuum diagram. For concreteness we focus on E2-instanton effects in 
Type IIA vacua with intersecting D6-branes, however the same structure 
emerges for Type IIB and heterotic vacua. The instantons wrapping rigid 
cycles can potentially destabilise the vacuum or generate perturbatively 
absent matter couplings such as proton decay operators, ^-parameter or 
right-handed neutrino Majorana mass terms. The latter allow the realiza- 
tion of the seesaw mechanism for MSSM like intersecting D-brane models. 
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1 Introduction 

Recent years have witnessed the emergence of a new picture of the space of string 
vacua. On the one hand, it is by now widely appreciated that the introduction 
of non-trivial background fluxes induces a computable scalar potential. The re- 
sulting plethora of stable minima of this potential has given rise to the idea of a 
landscape of string vacua. On the other hand, progress in string model building 
has taught us that also the gauge sector of the perturbative four- dimensional 
string vacua including both heterotic and D-brane constructions is much richer 
than anticipated. 

As it stands, however, this picture is not complete due to the existence of 
important non-perturbative effects in string theory, which are well-known to have 
dramatic consequences. In particular, in the absence of any other stabilising 
effects like fluxes they may destabilise the entire string vacuum or generate new 
couplings which have to be taken into account both for the analysis of the scalar 
potential and for string phenomenology. Attempts in the literature to confront 



2 



such issues in string-motivated constructions include the KKLT scenario, where 
precisely these non-perturbative effects play a starring role, namely in freezing 
all moduli in a Type IIB orientifold compactification. 

Let us stress that the non-perturbative effects are uniquely determined for 
each concrete string vacuum - they cannot simply be chosen at our will to add 
suitable terms to the potential which freeze some of the moduli. One might 
argue that for small string coupling they can be neglected as compared to the 
perturbative or tree-level contributions. However, there do exist important cou- 
plings which are only generated by instanton effects and therefore constitute the 
leading order terms which determine the physics. In particular in addressing the 
cosmological constant problem, instanton effects cannot be neglected. Therefore, 
it is of utmost importance for a better understanding of the string landscape 
to study these non-perturbative effects for all known classes of four-dimensional 
string vacua. In the context of heterotic string models this problem was taken 
seriously from the very beginning, but for D-brane models it has apparently not 
received the full attention it deserves. 

The aspects of instanton corrections discussed in the literature include world- 
sheet instanton corrections for the heterotic string [1-6] and Type IIA string [7-9], 
M2- and M5-brane instantons in M-theory [10-12], D-instanton effects in the D3- 
D(-l) system [13-15] in Type IIB string theory, inducing e.g. corrections to R 4 
terms, and the effect of background fluxes on E2-instantons [16], to name but 
a few. A most prominent role alluded to already is played by E3-instantons in 
Type IIB theory due to their dependence on the Kahler moduli [17]. 

It is the aim of this paper to systematically investigate spacetime instanton 
effects with special emphasis on D-brane models, where for concreteness we start 
our investigations in the framework of Type IIA intersecting D-branes (see [18] for 
a review). Explicit examples of semi- realistic four-dimensional string vacua have 
been constructed in this framework on various background geometries. Whereas 
in the framework of general Calabi-Yau manifolds the description of special La- 
grangian (sLag) submanifolds wrapped by the D6-branes is a notoriously difficult 
problem, it is among the virtues of toroidal orbifolds that they contain a large 
class of tractable supersymmetric three-cycles. In addition, the exactly known 
underlying conformal field theory (CFT) allows for the computation of some of 
the perturbative low energy couplings at string tree level. 

A distinctive feature of intersecting brane worlds is the appearance of U (N a ) 
gauge factors on the stacks of D6-branes, whose abelian U(l) part is often anoma- 
lous. In this case, the Green-Schwarz mechanism effectively converts them into 
global U(l) symmetries in that they are, while broken as a gauge symmetry, 
still respected by all perturbative correlation functions. These global U(l)s are 
often a nuisance for string phenomenology as they forbid some highly desirable 
charged matter couplings such as certain Yukawa couplings for SU (5) models or 
Majorana masses for right-handed neutrinos. 

In this paper we address the question whether charged matter superpotential 
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couplings 



M 

W ~ JJ$,e- 5inst -, (1) 

i=l 

violating the global symmetries, can be generated non-perturbatively. In 
fact, the global ?7 (l)s and the associated gauged global shift symmetries of the 
axions can be broken by Euclidean D2-brane instantons, called E2-instantons 
in the sequel. The possible appearance of a coupling of the form (TjQ) was first 
considered in [2] in the context of the heterotic string. As already mentioned 
above, non-perturbative effects also play a crucial role in the context of moduli 
stabilisation. As one of their most dramatic effects, they have the potential to 
destabilise the vacuum completely or, often in combination with other ingredients 
like fluxes, to drive it to an isolated minimum in the string landscape. 

We outline the general structure of such non-perturbative contributions to the 
superpotential of the form relegating the explicit computation of the instan- 
ton amplitudes to [19]. The key ingredients, analysed in section 2 and 3, are given 
by the issues of charge conservation and the counting of fermionic zero modes. 
The latter yield strong constraints on the possible couplings. We also discuss how 
the instanton computation works at the level of conformal field theory and find a 
structure analogous to the one derived in more spacetime oriented approaches to 
the problem. In addition we make some comments on multi-instanton corrections 
and instanton corrections to the D-terms and the gauge kinetic function. 

While for concreteness we will explain our methods in the setup of Type IIA 
D-brane models, we will point out in section 4 how the same structure found in 
the Type IIA context emerges for Type IIB orientifolds and for heterotic string 
models. In fact, our analysis is related, via a chain of dualities, to the investi- 
gation of world-sheet instanton effects for the Spin(32)/I*2 heterotic string [4]. 
We will see that some of the more abstract notions appearing in the heterotic 
computation have a clear geometric and conformal field theoretic interpretation 
for E2-instantons in Type IIA. Moreover, our analysis clarifies that for dual Type 
IIB orientifolds, the naive uplifting mechanism in the KKLT scenario by mag- 
netised D7-branes does not work due to the appearance of extra fermionic zero 
modes spoiling the generation of the superpotential term for Euclidean D3-brane 
instantons. Only by multiplying the exponential factor by appropriate charged 
matter fields the uplifting might eventually work. 

Eventually, section 5 analyses some E2-instanton generated effects of imme- 
diate phenomenological interest for MSSM-like Type IIA intersecting D-brane 
models. These involve destabilisation mechanisms on the one hand and the pos- 
sible appearance of perturbatively forbidden matter couplings on the other. The 
latter include in principle dangerous dimension-four proton decay operators, but 
also hierarchically small /z-terms and Majorana type masses for right-handed 
neutrinos. 
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Let us summarise our main findings: 

• The global U(l) charges formally carried (due to the Green-Schwarz mech- 
anism) by the exponential factor in the instanton amplitude have their 
microscopic origin in extra fermionic zero modes living at the intersections 
of the instanton with the spacetime filling D-branes present in the model. 

• Instantons wrapping rigid supersymmetric cycles can generate charged mat- 
ter couplings in the superpotential, which can potentially destabilise the 
vacuum or lead to new effects in the four-dimensional action which are 
absent in perturbation theory. In this case their contribution, though ex- 
ponentially suppressed, yields the leading order terms. 

• The technical treatment of such instanton amplitudes boils down to the 
computation of conformal field theory disc and one-loop diagrams with 
boundary changing operators inserted along the boundary (see also [15]). 
These diagrams are multiplied by a non-vanishing one-loop vacuum dia- 
gram, in which only the open string sectors preserving precisely two su- 
percharges contribute. We present the CFT analogue of the one-loop Pfaf- 
fian/determinant known to generally appear in instanton computations [4]. 

• By T-duality, E2-instantons in Type IIA orientifolds are mapped to E1/E5- 
and E3-instantons in Type IIB orientifolds. S-duality maps the El-instantons 
to world-sheet instantons for the heterotic string. Many of the features of 
the latter have a corresponding geometric or open string interpretation in 
the Type IIA framework. 

• Instantons with appropriate intersections with the two D-branes supporting 
the right-handed neutrinos on their intersection can give rise to Majorana 
mass-terms. The scale of these masses is 

I ra = iI s e"S VolH (2) 

with x expected to be of order 0(1). These can easily generate a hierarchy 
between the string and the Majorana mass scale. 

Note: We thank the authors of [20] and [21] for pointing out to us their work 
(see also [22]), which likewise deals with instanton corrections in Type II D-brane 
models. 



2 The GS mechanism and global U(l)s 

As our prototype class, we consider the Type IIA string compactified on a Calabi- 
Yau (CY) threefold X modded out by an orientifold projection Qcf(— 1) Fl . The 
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world-sheet parity transformation is combined with an anti-holomorphic invo- 
lution of X. 

Following mainly [23], on the threefold we introduce in the usual way a sym- 
plectic basis (Ai, B 1 ), I — 0, 1, . . . , h^i of homological three-cycles with the topo- 
logical intersection numbers 

A ; o5 J = 5j. (3) 
Upon introducing the corresponding three-forms satisfying 

f a J = Su, [ (3j = -6 IJ , (4) 
JAi Jb 1 

it follows that the Poincare dual of the three-cycles (Aj, B 1 ) are the three-forms 
(Pi, a 1 ). 

Let us denote by Uo6 the homology class of the orientifold plane, which is 
the homology class of the fixed point locus of the anti-holomorphic involution a. 
The latter is a special Lagrangian three-cycle in X . For tadpole cancellation, one 
introduces stacks of H a D6-branes wrapping special Lagrangian three-cycles of 
homology class n a . Their orientifold images are denoted by LT^. Expanding such 
three-cycles into the symplectic basis 

Il a = M I a A I + N a , I B I (5) 

with M 1 , Ni G Z, one obtains for the topological intersection number between 
two three-cycles n a , U b 

Il a oIl b = MZN h)I -N atI M*. (6) 

The tadpole cancellation condition for an intersecting D-brane model of this type 
reads 

K 

^jv a (n a + n' a ) = 4n 06 . (7) 

0=1 

For the generic gauge group G = Yl a =i U (A/" a ) the chiral massless spectrum is 
given in table [2j 

Note that this is just the chiral spectrum. For the non-chiral part one has to 
examine the intersections more carefully. For this purpose, one introduces the 
physical intersection number between two branes, which splits into the number 
of positive and negative intersections 

n a nn 6 = [n a nn 6 ] + + [n fl nn 6 ]-. (8) 

The topological intersection number is then given by 

n fl on 6 = [n a nn 6 ] + -[n a nn b ]-. (9) 
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U(l) charges 


Multiplicity 
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(-la, If,) 


n a oir b 


(□ 


i- 


Ub) 
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Table 1: Chiral spectrum for intersecting D6-branes 



In general, the abelian subgroup U(l) a C U(Af a ) is anomalous. It is known 
that these anomalies are cancelled by a generalised Green-Schwarz mechanism 
involving the four-dimensional axions coming from dimensional reduction of the 
ten-dimensional R-R three- and five-form [24]. If we expand in the symplectic 
basis 

= £l (cf ] a 1 - D^ 1 ft), (10) 

dimensional reduction of the Chern-Simons couplings in the WZW action gives 
rise to the following mixing term between the four-dimensional axions and the 
U(l) gauge fields F a = dA a 

S miX = ^ / {{Mi - M'i) F a A Cf + (N aJ - N' aJ ) F a A D^A . (11) 

The minus sign in front of the contribution from the image branes come from the 
fact that under Q the U(l) a field strength transforms as F a — > — F a . Expanding 
similarly the Hodge dual three-form 

C ( V = i 3 s (Of a 1 - D^ 1 [3^, (12) 

one notices that in four dimensions (Cf \ D^ 2 " 1,1 ) is Hodge dual to (— D^' 1 , C} '*). 
The Green-Schwarz mechanism now implies that under a U(l) a gauge transfor- 
mation 

A a ^ -> A a ^ + O^K (13) 

the axions 

(Cf) ;jD (o),/) transform as 
cf - Cf ] + Q a j A , D^ 1 - D^ 1 + P a > 7 k a (14) 

with 

Qi = § (JV - K/) > P aJ = ~ - <) • (is) 

Therefore, the U (1) gauge potentials and axions which remain massless have to lie 
in the left and right kernel, respectively, of the (K, 2h 2 i + 2) matrix Q = (Q, P). 
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The £7(1) symmetries corresponding to the massive gauge potentials still survive 
as perturbative global symmetries in that all perturbative correlation functions 
respect them. 

Since some of the axions become the longitudinal modes of the massive U(l) 
gauge fields, also their superpartners must become massive for supersymmetry 
preserving configurations. These mass terms for the corresponding complex struc- 
ture moduli arise from the generated Fayet-Iliopoulos terms 



£ a ~ Arg / tt 3 . 



(16) 



From dimensional reduction of the DBI action one can deduce the SU(Af a ) 
gauge kinetic functions to be given b}Q 



fa 



(27T) P s 



- [ aw - * [ c< (3) 

9s Jn a JUa 



;i7) 



With the normalisation tr(T a T&) = ^5 a b, one obtains for the physical non-abelian 
gauge coupling [25,26] 



4tt 1 



Vol 



D6 a 



3 E2-instantons 

The question we address in this section concerns the effects of spacetime in- 
stantons on the type of models just described. Such non-perturbative effects 
are generated in principle by wrapped EO, E2 and E4-branes. However, since 
a Calabi-Yau manifold does not have any continuous one and five-cycles, the 
only relevant^ instantons are E2-branes wrapped on three-cycles of the CY three- 
fold. Additional non-perturbative effects arise from world-sheet instantons and 
in principle there could also be NS5-brane instantons wrapping the entire CY. 
The latter would be magnetically charged under the NS-NS two-form Bi with 
both legs along MS 1 ' 3 ' and are therefore modded out by the orientifold projection. 

For ease of presentation our detailed discussion will be restricted to single- 
instanton effects, whereas we will indicate the relevant modifications required for 
the multi-instanton case in subsection 13.41 

1 For supersymmetry, £ a = and clearly J n 3Ff (£^ 3 ) = I J n f2 3 |. 

2 We will not explore here the possibility of E4-instantons wrapping homologically trivial, 
but fluxed five-cycles being the Euclidean version of the coisotropic eight-branes proposed in the 
intersecting brane context recently [27]. Their effect, if relevant, is expected to be qualitatively 
of the same structure as the one of E2-instantons investigated in this article. 



8 



3.1 Global U(l) charges 

The E2-branes couple to the R-R form and therefore to the axions whose 
shift symmetries have been gauged for the cancellation of the U(l) anomalies. 
Consequently, such an instanton transforms non-trivially under abelian gauge 
symmetries. 

Let us consider a single E2-brane wrapping a homological three-cycle 

E = E I A I + F I B I . (19) 

The orientifold action requires the introduction of an E2-brane wrapping also the 
Qa(— 1) Fl image cycle 5'. Since we are interested in contributions to the J\f — 1 
superpotential, the three-cycle should preserve supersymmetry, i.e. it should be 
an sLag cycle. Even more, in the internal CY space this cycle should preserve 
the same supersymmetry as the orientifold plane and the D6-branes do. 

Since the E2-brane is localised in the flat four dimensions spanned by the 
D6-branes the whole configuration breaks one-half of the supersymmetry so that 
two supersymmetries are conserved and two are broken. It follows that the E2- 
brane world-volume accommodates at least the two fermionic zero modes 9i cor- 
responding to the broken supersymmetries, as required for a contribution to the 
superpotential. 

Any correlation function in this single-instanton background contains the clas- 
sical factor 



e Se2 = exp 



2tt 



9s J~ 



K(n 3 ) - i / c* (3) 



(20) 



which depends exponentially on the complex structure moduli U. In fact, the 
emergence of this factor follows directly from the CFT formalism to be presented 
in section [3731 (see also [28]). 

The expansion in equ. (fT2]) and the gauged shift symmetries (p~JJ allow 

us to compute the transformation properties of this instanton factor under the 
U(l) a gauge symmetries to be 

g — Se'2 > ( J,Q a (E2) A a g — Se2 (21) 

with 



Q a (E2)=Af a ~o(Tl a -Tl' a ). (22) 

Therefore, the U(l) charge of this term is given by the topological intersection 
number of the three-cycle wrapped by the E2-instanton and the three-cycles 
wrapped by the D6-branes. The relative minus sign between Il a and its image 
brane U' a is just right to take care of the fact that for invariant D6-branes there 
is no U(l) a gauge field. 
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If any of the charges Q a (E2) is non- vanishing, it is clear that a purely expo- 
nential superpotential of the form W = c ■ exp(— S"^) cannot be generated due 
to gauge invariance. Only if the exponential factor gets multiplied by a suitable 
combination of matter superfields also charged under U(l) a can a superpotential 

W = Y[ $i e~ SE2 (23) 

i 

be gauge invariant. Here appropriate contractions of indices are understood so 
that the matter field product is invariant under all the non-abelian gauge sym- 
metries. 

Note that while the product fl23l) is still invariant under the U{l) a global 
symmetries, of course, the induced coupling of the superfields <3>j clearly violates 
these abelian symmetries - after all we have to evaluate e~ SE2 at its classical value 
which basically involves just the volume of the three-cycle S. In this sense the 
U(l) a global symmetries in the four-dimensional effective action are broken by 
E2-instantons. 

So far we have merely investigated selection rules resulting from the abelian 
gauge symmetries for the generation of a non-perturbative superpotential. How- 
ever, these are merely necessary conditions for the appearance of an instanton 
induced coupling. To determine whether these terms are really present requires 
a genuine instanton computation in which further issues such as the number of 
fermionic zero modes play an important and restrictive role. 

3.2 Zero modes 

Of prime importance for the computation of an n-point function in an instanton 
background are the fermionic zero modes. As is well-known and will be reviewed 
in detail momentarily, these have to be integrated over and therefore they have to 
be absorbed by the vertex operators appearing in the n-point correlator. In the 
present context, it is important to distinguish between two very different kinds 
of fermionic zero modes depending on whether or not they are charged under the 
abelian gauge groups. 

We have already pointed out the presence of the usual two fermionic zero 
modes 9i corresponding to the broken supersymmetries of the half-BPS instanton 
which enable it to contribute to the superpotential. These zero modes arise from 
the Ramond sector of an open string with both ends attached to the E2-instanton. 
From the CFT point of view they are described by the vertex operator (in the 
(— l/2)-ghost picture) 

V Hz) = e i e~ £ ^^ 8 E2 (z) S\z), (24) 

where i5 % — 1, 2 is the polarisation and S % denotes the 4D spin field of 5*0(1, 3). 
This is a Weyl spinor of conformal dimension h = 1/4. The twist field Ti 3 ?^ E2 is 
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essentially the spectral flow operator of the M = 2 superconformal field theory 
describing the internal CY manifold. Since the E2-brane wraps a three-cycle on 
the CY manifold, the 4D spacetime is transversal so that there appears no 4D 
momentum factor in the vertex operator. 

If the three-cycle 5 has deformations counted by 61(H), then there will be extra 
fermionic zero modes arising from open strings from the E2 to itself. Another 
source of zero-modes are the intersections of H with its image brane H'. Since on a 
single brane there are no fields transforming in the anti-symmetric representation 
of i7(l) £2 and the Q projection changes sign for the E2-branes relative to the D6- 
branes, the condition for the absence of extra uncharged zero modes reads 

[H'nH^-poenHp^O (25) 

for single instantons. 

In the sequel we call the zero modes of the type just described uncharged as 
they carry no charge under any of the gauge symmetries localised on the D6- 
branes. In order to lead to a non-vanishing F-term, all these extra uncharged 
zero modes have to be absorbed by additional closed or open string fields. 1 As 
a result, if we want to generate a contribution to the superpotential of only the 
charged matter fields, we require these uncharged zero modes to be absent. In 
particular, this means that the sLag cycle H needs to be rigid. The construction 
of such rigid cycles in toroidal orbifolds has been explored in [30,31]. 

In view of the discussion of the previous section, one might suspect that the 
formal U(l) a charges ( |22l) of the instanton have a microscopic origin in the zero 
mode structure on the world- volume of the E2-brane. Indeed, at the intersection 
of E2 with a stack of D6-branes, there do appear extra charged states transforming 
in bi-fundamental representations. To determine these states, we first note that 
generically for two intersecting D6-branes at non-trivial angles the Neveu-Schwarz 
and Ramond physical ground state energies for open strings stretching between 
them are E^s > ~ \ and Er = [32]. Moreover, at a supersymmetric intersection 
there lives one 4D chiral superfield, i.e. two real bosonic and two fermionic on- 
shell degrees of freedom. Now, if one exchanges one of the D6-branes by an 
E2-brane wrapping the same sLag three-cycle, the four flat Neumann- Neumann 
boundary conditions for the open string become Neumann-Dirichlet boundary 
conditions. This has three important effects for the open string partition function. 
First, as is known from #nd = 4 systems, the GSO projection changes sign with 
respect to the GSO projection in the D6-D6 intersection. Second, the ground 
energies are now E NS + | > and E R = so that there are no massless bosons 
at a non-trivial intersection. Third, the number of massless fermions is halved, 

3 In this case, we also have to integrate over the bosonic components of the b\ (S) superfields 
describing the instanton moduli. We expect, however, that such configurations do not con- 
tribute to the superpotential, but rather to higher derivative F-terms, see [29] for the analogous 
effect in the context of heterotic (0,2) models. 
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so that one obtains only one real or one-half complex fermionic on-shell degree 
of freedom 0. 

As is well-familiar from the intersecting brane context, for specific choices of 
the three-cycles wrapped by the D6 and E2-branes, one gets further extended 
supersymmetry at the intersection so that, as in [33], a pair of fermionic zero 
modes (A a A a ) appears. Only if the E2-instanton wraps the same three-cycle as 
the D6-brane or at special limiting points in the complex structure moduli space, 
also complex bosonic zero modes show up. It will become clear, however, that 
these situations are of minor relevance for the computation of the superpotential 
terms we are primarily interested in. 

Let us call the extra fermionic zero modes arising from open strings stretched 
between the E2-brane and a stack of M a D6-branes charged zero modes. The 
corresponding Ramond sector open string vertex operators are of the form 

V (*) = K,i tfg /8 (z) ^=i/4(4 (26) 

a, I ' 

where I = 1, . . . , [S fl Il a ] + runs over the number of intersection points and 
i = 1, . . . ,Af a is the Chan-Paton (CP) index. Here S^' =3 2 / 8 denotes a spin field 
in the R-sector depending on the internal intersection angles between the E2- 
brane and the D6-branes and is essentially the same operator as it appears for 
vertex operators describing the fermionic zero modes for two intersecting D6- 
branes [34,35]. The 4D spin field <Th=i/4 arises from the twisted 4D world-sheet 
bosons carrying half-integer modes. Note that also these zero modes carry no 
momentum along the flat 4D directions. 

The total number of such charged fermionic zero modes is displayed in Table 

m 



zero modes 


Reps. 


number 


A a ,7 


(-lfi,Da) 


/ = 


1. 


...,[snn a ]+ 


A a ,j 


0-E,Da) 


/ = 


1. 


...,[snn a ]- 


Aa',7 


(-li3,Pa) 


/ = 


1. 


...,[~niTJ+ 


A a ',/ 


(Is, Da) 


/ = 




...jsnrrj- 



Table 2: zero modes on E2, D6 intersections 



From the table it is clear that the total charge of all the fermionic zero modes 
on the intersection of S and (n a + U' a ) is precisely Q a (E2) = Af a H o (n a — U' a ). 

To conclude, the microscopic origin of the U(l) a charges of the instanton 
factor is the appearance of extra fermionic zero modes living on the intersection 

4 As we will see in section 14. 2\ these configurations are mapped by a chain of dualities to 
world-sheet instantons for (0,2) heterotic string models. Here these 1/2 complex fermionic 
zero modes are the familiar left-moving zero modes discussed in [3,4]. These sit in Fermi 
supermultiplets of the (0, 2) supersymmetry, which indeed do not contain any dynamical bosonic 
superpartners. 
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of the instanton with the D6-branes. Therefore they are charged under the gauge 
symmetry living on the D6-branes. 

3.3 Outline of instanton calculus 

In this section, we outline how one technically proceeds in computing the in- 
stanton corrections to the superpotential with special focus on charged matter 
couplings. As both the D6-branes and the E2-instantons have a CFT description 
in terms of open strings, the computation can be carried out in the CFT frame- 
work. Of course, since we are still lacking a string field theory framework, one 
cannot derive the rules for instanton computations from first principles but has 
to guess them by invoking analogies with what we experience in field theory (see 
however [36] for an account of non-perturbative effects directly in ten dimensions). 
In the following we intend to focus on the general structure of such a computa- 
tion, making extra combinatorical factors and normalisations explicit only where 
they are essential. Moreover, in order to avoid overloading the notation with too 
many indices, we suppress the intersection indices / and the CP-indices i. It is 
understood that all expressions we write down have also to include these labels 
in a consistent manner. 

Our aim is to derive the contribution of an E2-instanton to the superpotential 
involving powers of charged chiral superfields 

M 

W^\\^ aiM e~ s -\ (27) 
i=i 

where the ^ ai ,b x = 0oi,6< + are superfields localised at the intersection of 

the D6-brane II ai with the D6-brane n^.. If a D6-brane has open string moduli, 
then this includes the case aj = foj. To make this distinction more transparent, 
we will call these latter superfields A ai = &a t ,a t with bosonic components S a in 
the sequel. 

The vertex operators for the bosons in the (— l)-ghost picture are given by 
V£ b (z) = e-ME* = i(z)e*» x ' , V, (28) 
where S^_i is a twist operator of conformal dimension h—\ depending on the 

ft— 2 & 

intersection angles between the two D6-branes in the internal CY directions (see 
[35] for the explicit form of these states for toroidal models). The corresponding 
vertex operators for the fermions in the (— l/2)-ghost picture are 

V~} b {z) = Va Ef = s(z) S a (z) eWU, (29) 

where S a is a spin field of SO(l,3) of conformal dimension h = 1/4. For a 
D6-brane modulus or rather its bosonic component the corresponding boundary 
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deformation vertex operator in the (O)-ghost picture reads 

= %C0e*"* M «. (30) 

Note again that extra intersection and CP-labels have been suppressed. For 
ease of notation we will not take care of the image branes II' explicitly, but it is 
understood that some of the matter fields in ( 1271) can also arise from intersections 
with the IT. 

A coupling of the type (1271) is detected by computing an appropriate matter field 
correlation function in the E2-instanton background like 

\V ai ,01 

(Pi) ' • • £2— inst- 

(31) 

In the amplitude we have to integrate over all fermionic and bosonic zero modes 
of the instanton, thus essentially taking into account all possible instanton config- 
urations. Since the correlation function (|3"T|) we are probing for does not include 
any uncharged fields besides the two broken supersymmetries, there may be no 
uncharged fermionic zero modes other than 9i present. Integration over them 
would make the amplitude vanish. As we explained already, this requires that 
the E2-brane wrap a rigid sLag three-cycle H and that there appear no extra 
massless states on the intersection of 5 with 5', i.e. H'nH = — Yl 06 n H = 0. 

On the other hand, we also have to integrate over all charged fermionic zero 
modes, A 0i j and \ a j from the intersection of the E2-instanton with the D6-branes. 
By the same argument as above, for an amplitude to be non-vanishing it has to 
involve each of these charged fermionic zero modes precisely once. We therefore 
propose that the complete instanton amplitude (13T|) is given by the combinatorics 
of all possible non-vanishing CFT correlators involving the E2-boundary 

d 4 xd*e £ fl (ri^ a]+ d\ a ,i) (nET al " dx,) 

conf. 

Il( $ a fcl ,o fcl " • • • " ®a kr ,b kr )fl\ k - ( 32 ) 
k 

Here the sum over all configurations means that we sum over all possible ways of 
assembling the matter fields into sets (labelled by k), for which in the integrand 
one computes the open string CFT correlators of genus with all possible in- 
sertions of charged fermionic zero modes. Note that in the CFT amplitudes one 
integrates over the world-sheet positions of the CFT vertex operators so that the 
correlator only depends on the spacetime polarisation of the fields. 

For getting the 1PI contribution we do not allow any disc correlator without 
any zero modes attached, i.e. those discs without any boundary on the E2- 
instanton. Even though these products of CFT disc correlators with fermionic 
zero modes attached are 1PI reducible from the world-sheet point of view, they 
are nevertheless 1PI irreducible from the spacetime point of view, as we integrate 
over the zero modes. 
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Recall that for precisely two of the $ ai A we have to choose the fermionic 
components ipcuM anc ^ ^ or ^ ne remaining ones the bosonic components 0^.^. This 
is coupled to the question where we insert the vertex operators of the 9{, as 
described below. To keep the notation as simple as possible, we will not make 
this issue explicit in the following formulas. 

The evaluation of fl32l) seems to be a daunting combinatorial exercise, but 
fortunately most configurations do not contribute to the superpotential. Of prime 
importance is the standard fact that the superpotential has to be a holomorphic 
function of the chiral superfields. As is well-known, this implies that the only 
dependence on the string coupling g s = is via an exponential factor of the type 
(|20|) involving also the axionic fields in the complex structure superfields. Any 
other dependence on these axions and therefore on g s can be excluded due to the 
axionic shift symmetries {U(l) charges) [1,2]. Note that in the CFT the matter 
fields are canonically normalised so that the higher order corrections in g s reflect 
higher order corrections to the Kahler potential. 

To conclude, counting of factors of g s together with the need to insert all 
fermionic zero modes including the two uncharged 9i gives the terms which can, 
if non-zero, appear in the superpotential. For this purpose, it is crucial to keep 
in mind the following normalisation factors occurring: 

• Each disc diagram carries an overall normalisation factor proportional to 
g^ 1 . Each annulus or Mobius diagram comes with an additional factor of 
g s . From the counting of g s it is therefore clear that only world-sheets with 
the topology of a disc or of an annulus or Mobius strip, respectively, can 
contribute to the superpotential. Moreover, at least one boundary has to 
be the E2-instanton. 

• The vertex operators for the fields arising from D6-brane intersections do 
not carry any g s normalisation, as otherwise they would decouple in the 
weak coupling limit g s — > 0. 

• On the contrary, the charged fermionic zero modes can in principle carry a 
normalisation involving a positive power of g s , as in the weak coupling limit 
the instanton decouples. In fact, if we do not assign any scaling to these 
zero modes, all disc amplitudes would be of order g' 1 and could therefore 
not appear in the superpotential. The minimal attachment of fermionic 
zero modes involves two per disc, which we take as a strong indication that 
we should assign a factor ^fg~ s to each vertex operator A a 

As an immediate consequence, as far as the superpotential is concerned, 
these fermionic zero modes can only contribute to the disc amplitudes, 
whereas the 1-loop amplitudes have to be uncharged. 

5 In the paper [15], the authors came to exactly the same conclusion, requiring that in the 
D3-D(-l) brane system the zero modes localised on the intersection of these two branes should 
be identified with the gauge instanton moduli in the ADHM construction. 



15 



Disc amplitudes 



Let us begin with the possible disc amplitudes which may contribute to the 
superpotential. First, observe that one can always factor off the term ({l)disc) n for 
all powers n, as explained in [15,28]. We have to sum over all such contributions, 
taking into account the factor from the combinatorics of boundaries. This 

n! 

leads to the familiar exp(— Se2) factor in the instanton amplitude. 



<*>ab $ at Vab 




Figure 1: Standard disc tadpole 



The action of the E2-instanton depends holomorphically on the fla(— 1) Fl in- 
variant complex structure moduli U. The non-renormalisation theorem of [37] 
for any polynomial dependence of A-type disc diagrams on the complex struc- 
ture moduli still applies, reflecting the fact that the imaginary parts of the U are 
axionic states with a shift symmetry. 

Let us now turn to the non-trivial matter insertions, assuming for the time 
being that the D6-branes are rigid. The basic building block of order (g s )° in- 
volves just one factor of $ ai A per disc. Depending on the number of #-modes 
inserted, we have the following options: As shown in figure [U the simplest pro- 
cess is described by a disc diagram with three boundary changing operators, the 
bosonic vertex operator corresponding to <fi ai ,bi being in the (-1) picture and the 
two fermionic vertex operators for \ a . and in the (-l/2)-picture. With the 
above scaling of the involved vertex operators and the normalisation of the disc 
amplitude, this amplitude is indeed of the order (g s )°, as required for terms in 
the superpotential. If we are dealing with one of the fermionic modes V^A; the 
disc also has to involve the vertex for one of the two 9i in order that the ghost 
number of all vertex operators can add up to 2, i.e. all fermions can be chosen 
in the (-l/2)-picture. 

Alternatively, the two Q{ modes could of course be absorbed in a disc involving 
the auxiliary field F ai ^ and two charged fermion modes A. This is what happens, 
for example, when we probe for tadpoles of $ ai ,fe r Note that due to the Spin(l, 3) 
spinors present in the vertex operators of 9i these are indeed the only ways to 
contract them with the vertex operators of the component fields of $ a fe. This is 
the well-known CFT explanation why half-BPS instantons can only contribute 
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to the superpotential. 

All these diagrams can in principle be computed using conformal field theory 
techniques and will subsequently be denoted as (&ai,bi)\ a -,\ b -i wnere a consistent 
assignment of intersection and CP-indices as well as an appropriate insertion of 
^-modes and the corresponding choice of components of Q ai ,bi is understood. 
As an illustration, imagine the situation of four cycles Il a , 11^, Il c , ILj, each 
intersecting an instanton E2 precisely once. The induced coupling for $ a b and 
$ c d is given by the product of the two discs in figure [21 whereas the one-disc 
amplitude is of order g s and therefore does not contribute to the superpotential. 




Figure 2: Leading and subleading disc diagrams for 4> a b4> c d coupling. Only the 
leading order two-disc amplitude contributes to the superpotiential. 



As a second example, figure [3] shows a situation where a coupling (p ab can exist by 
soaking up four fermionic zero modes, which is only possible in the presence of 

— 1/2 

both Xd and zero modes. However, due to the g s factor for the fermionic zero 
modes, this coupling is likewise of a higher power in g s and so does not contribute 
to the superpotential. 




Figure 3: Coupling (f) a b absorbing four fermionic zero modes 

By contrast, as depicted in figure HJ it can also happen that the zero mode 
structure is such that for instance a coupling <j> a ,xi^>xi,x2 ■ ■ ■ 0x„,6 can be generated 
by soaking up only two fermionic zero modes. 
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We now consider the possibility of non-rigid D6-branes, i.e. bi(U a ) > 0. As 
anticipated, this leads to the presence of additional &i(n a ) chiral superfields in 
the adjoint representation of U(J\f a ), the open string moduli A a [38]. The real 
part of their bosonic component parameterises the deformations of the sLag cycle 
Il a and its imaginary part corresponds to the Wilson lines of the U{1) gauge field 
on a single D6-brane. Again, the superpotential has to be a holomorphic function 
of the full chiral superfield A a , and the only possibility consistent with discrete 
£7(1) shifts in its bosonic imaginary part is an exponential dependence [7] of the 
form 

tr [exp , (33) 

where the trace is over the CP-indices Such a term is due to the fact that the 
standard disc tadpole diagram can also have insertions of these moduli fields A a 
(see figure H]). In this case one has to sum over all these contributions induc- 
ing a consistent open string moduli dependence of the superpotential couplings. 
As shown in [39], these integrable boundary deformations lead to the expected 
exponential dependence. 




Figure 4: Coupling (j) a , xx (l) XUX2 ■ ■ -4> Xn ,b and disc tadpole with D6-brane moduli 
insertions 



To conclude, the only discs which can contribute to W are those with precisely 
two charged fermionic zero modes per disc. It is useful to introduce the short- 
hand notation 

^a, k ,b k [Xk] — ^a k ,x k<1 ' ^>x k>1 ,x k>2 ' &x kt2 ,x k:3 4 ■ ■ ■ ■ *&Xk, n -i&k,n ' ®x k< „ k ,b k (34) 

for the product of open string vertex operators from the set {Q^m- ■ ■ ■ ®a M ,b M }, 
where each field is allowed to only appear once, and again consistent assignment 
of CP-labels is tacitly assumed. We define $ afc ,6j0] = & ak ,b k - If we have L 
such chain-products, their lengths in an M-point function have to add up to 
J2k=i( n k + 1) = M — Mi 00 p, where M\ oop is the number of fields attached to 
one-loop diagrams (see below). 
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The resulting disc contribution to the instanton correlator therefore takes the 
comparably simple schematic form 

d'xd^e y: n a (nET a]+ d\ aJ ) (nET al_ d\ aJ ) (35) 

conf. 

(Kjm&i])^^ ■■■■■ (K, bL WL]) XaL ,-x bL e~ SE2 - 

Here, the sum over configurations only involves the possible ways of attaching 
the respective fermionic zero modes to the matter field discs. Note that as in 
[34, 40] each disc amplitude of boundary changing operators contains by itself 
a whole sum of holomorphic disc instantons ending on the respective branes. 
This introduces a dependence of the instanton amplitude on the Kahler moduli 
Ti = f u i(J + iB) of the form 

exp(-±Tj, (36) 
where oo\ denotes a basis of the hu cohomological two-cycles in the CY. 
1-loop amplitudes 



Having discussed the disc contribution to the instanton couplings, it only 
remains to clarify the role of the 1-loop diagrams. Let us discuss the vacuum 
amplitudes first, where the story is quite similar to the vacuum ((l)dj SC ) contri- 
bution. 

The relevant 1-loop diagrams are the vacuum annulus and Mobius strip dia- 
grams involving at least one E2 boundary. Here for instance an annulus vacuum 
diagram Z A (E2, D6 a ) is given by 

jTr E2 , ma {e- 2M °), (37) 

where the trace is over all open strings stretching between the two branes. 
Clearly supersymmetry implies that the amplitudes Z A (E2, E2) and Z A (E2, E2') 
vanish. However, the open strings stretched between the i?2-instanton and a 
stack of _D6-branes preserve only two supercharges. As we have already seen for 
the zero mode counting, the amplitude is not Bose-Fermi degenerate and we do 
not expect Z A (E2, D6 a ), Z A (E2,D& a ) and the Mobius amplitude Z M (E2,06) 
to vanish. Following the same logic as for the ({l)disc) n terms in the instanton 
amplitude, we can have all possible one-loop contributions, giving rise to a series 

E 7^ f E [^ 2 > m ^ + E2 )] + zM ^ ° 6 )) = ex p ( z °) ' ( 38 ) 

n=0 \ a J 
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with 



Z = J2 [ zA ( DQ a, E2) + Z A (DQ' a , E2)] + Z M (E2, 06). 

a 

This is also shown in figure El 

1 



(39) 
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Figure 5: Series of 1-loop contributions for the example of only two D6-branes 



In order to interpret this result, let us discuss the behaviour of this expression 
in the limits t — > and t — > oo. We expect the possible t — > divergences to 
cancel by the tadpole cancellation condition for the D6 a branes. The possible 
t — ► oo divergence is due to zero modes in the various open string sectors. If we 
have in the NS-sector a spacetime bosonic zero mode, Z Q — > +oo and exp(Z ) 
diverges. On the other hand, in the case of a spacetime fermionic zero mode 
in the R-sector, Zq — > — oo and exp(Zo) vanishes. Moreover, if Zq vanishes 
identically in a supersymmetric case, then exp(Z ) = 1. All this is precisely 
the behaviour characteristic of the one- loop Pfaffians/determinants of the kinetic 
operators for the quantum fluctuation around the E2-background. From the 
saddle point approximation such terms are expected to appear in the instanton 
amplitudes^. Moreover, these one-loop determinants have been argued to be 



6 In the dual heterotic model with a world-sheet instanton wrapping a holomorphic curve C, 
the uncharged contribution to the superpotential was argued to be [4] 



W = 



Pfaff(dv-) 



(det'do) 2 (det d a{ . 



cxp(-S , inst ). 



(40) 



This is consistent with our picture, as these determinants are only over the left-moving fluc- 
tuations. These involve the vector bundle, whose role is played in our case by the D6-branes. 
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exact for the contribution to the superpotential, which is confirmed by the CFT 
approach. 

As in [4], a zero or a divergence in the one- loop amplitude (J38l) signals that 
one has integrated out a fermionic or bosonic zero mode, respectively. Since 
in our amplitudes we carry out this integration over zero modes explicitly, the 
one-loop term should be regularised such that these zero modes are removed 
from the traces. Therefore, we propose the following intriguing relation between 
the spacetime notion of 1-loop Pfaffians/determinants for quantum fluctuations 
around the instanton background and the exponential of a world-sheet open string 
partition function 

Pfaff'(P F ) 



y/det'(V B ) 



exp (£ [Z' A (E2, DQ a ) + Z' A (E2, D& a )\ + Z' M (E2, 06)) . (41) 



One also has the freedom to attach the the D-brane moduli fields A a to the 
D6 c -brane boundary of the one-loop diagrams. After taking the sum over all 
possible insertions, this leads to the open string moduli dependence of exp A . 
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Figure 6: Moduli dependence of 1-loop amplitudes 



This is similar to the case of world-sheet instanton corrections for the heterotic 
string, where these 1-loop determinants do also depend on the bundle and com- 
plex structure moduli [4]. Finally, we stress once more that the one-loop deter- 
minant is manifestly uncharged under the anomalous U(l) gauge factors. This 
direct consequence of the p s - assignment for the vertex operators of the A a -modes 
is crucial for the generation of a superpotential of the form ( 123]) - any U(l) trans- 
formation of the one-loop prefactor would spoil the gauge invariance of (|2U|) . 

To summarise, the single E2-instanton contribution to the charged matter 
superpotential can be determined by evaluating the following zero mode integral 
over disc and 1-loop open string CFT amplitudes 

The right-moving heterotic fluctuations cancel due to supersymmetry and should therefore be 
identified with open strings between the E2-instanton and itself. Moreover, we propose that 
the (det' do) 2 factor arise from the Mobius strip amplitude. Finally, let us point out that the 
connection between the Pfafhan and the exponential of a suitable trace over the spectrum as 
in (|38|) is standard in field theory, of course. 
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This formula contains from the disc the exponential instanton action and the 
combinatorics of disc tadpole diagrams with two charged fermionic zero modes at- 
tached to each disc. From the 1-loop diagrams, i.e. the annulus and Mobius strip 
amplitudes, there also arises the exponential vacuum contribution, i.e. the one- 
loop Pfaffian/determinant, and the combinatorics of attaching D6-brane neutral 
products of vertex operators to the boundaries of annulus diagrams. 

The schematic form of the superpotential, making explicit the moduli depen- 
dence, is 

W = £y*»M / (exp (-£) ,tr [exp (-£)] , $ afe ) , (42) 

E2 

where the exponential dependences are enforced by the fact that the imaginary 
parts of the complex scalars are either axions or Wilson lines having a shift 
symmetry. 

In practice, to really carry out this CFT program, one needs the explicit form 
of the boundary changing operators including their correct normalisation, which 
are only available in case we really have a CFT description of the models. We 
will provide more details and examples for such instanton computations in [19]. 
For now it is a good working hypothesis that every term which can in principle 
be generated, i.e. for which the zero mode counting and the combinatorics of 
open strings works, is indeed non- vanishing. 

3.4 Comments on mult i- instant on effects 

In general, the non-perturbative sector may not only involve a single E2-brane, 
but also multi-instantons. Of course, one expects that all these non-perturbative 
sectors allow a CFT description along the lines presented so far. This includes 
essentially two types of generalisations. 

First, the three-cycle H may be wrapped by a stack of Ah coincident E2- 
branes. Clearly, in such a situation the exponential suppression ([20]) of all result- 
ing amplitudes is enhanced by a factor of J\T% as compared to the single-instanton 
case. The fermionic zero modes between the D6 and the E2-branes carry an ad- 
ditional CP-index, accounting for the fact that the number of such zero modes is 
likewise multiplied by A/~. Since again each fermionic zero mode has to be soaked 
up in the computation of correlators and, as we just derived, each superfield <3> a 6 
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located at the intersection of two D6-branes can absorb at most two of them for 
contributions to the superpotential, these A/s-instanton sectors soon become ir- 
relevant for the most interesting lowest order n-point amplitudes as As increases. 
Note also that the intersection between the cycle H and its orientifold image H' 
now gives rise to fermionic zero modes in the symmetric and in the antisymmetric 
representation of the U (Ah) gauge group located on the stack of E2-branes. In 
analogy to equation (125]) we have to require that 

s'ns = = n O6 ns (43) 

for the absence of these fermionic zero modes. 

The most general instanton sector with possible contributions to the superpo- 
tential involves several stacks of mutually supersymmetric E2-branes wrapping 
various rigid cycles Hi, each with multiplicity As*- A novelty occurs since the 
E2-branes will generically intersect not only the D6-branes, but also among each 
other. Special care is required for the string modes located at this latter type of 
intersection, i.e. between all pairs of Hj and Hj. This time the spectrum is indeed 
Bose-Fermi degenerate due to the mutual extended supersymmetry between the 
E2-branes, which is a consequence of the Dirichlet-Dirichlet boundary conditions 
in the non-compact four dimensions. In particular, the massless modes now in- 
clude both a pair of fermions and a complex boson and have to be integrated over. 
Note furthermore that, due to the Bose-Fermi degeneracy between the E2-branes, 
the total Pfaffian simply factorises into the product of the Pfaffians resulting form 
the one-loop diagrams between each E2-instanton and the D6-branes. In order to 
eventually extract superpotential couplings, one must only include 1PI diagrams. 

3.5 E2-instanton corrections to D-terms and the gauge 
kinetic function 

So far we have focused on E2-instanton corrections to the superpotential. From 
the general arguments of [7,8] one also expects non-perturbative corrections to the 
D-terms, which will depend on the complex structure moduli. As a consequence 
there should appear E2-instanton corrections to the Fayet-Iliopoulos terms for 
the U(l)s living on the D6-branes. For all known examples perturbative and 
non-perturbative corrections to the D-terms and the gauge couplings are by no 
means independent. In fact, the latter two quantities constitute the argument 
and the absolute value of a complex valued central charge, see equs. ( IT6l) and 
( I17p . Therefore, one likewise expects E2-instanton corrections to the gauge kinetic 
functions. While we are not intending to compute these terms explicitly here, 
we will nonetheless point our their origin and leave a more thorough analysis for 
future work. 

Given an intersecting D6-brane configuration, we know that the perturbative 
FI terms do depend on the complex structure moduli, which is readily under- 
stood from the corresponding dependence of the special Lagrangian condition 
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on these moduli. Recall from equation (JIB]) that the leading order (supergrav- 
ity) expression for the Fl-term is proportional to the calibration condition for the 
three-cycle wrapped by the E2-brane. Assume now that the D6-branes are indeed 
super symmetric on a D-dimensional subspace Mo C Mq of the naive complex 
structure moduli space and consider the effect of a single E2-instanton. For the 
generation of F-terms we require, as described, that this instanton wraps a special 
Lagrangian preserving the same supersymmetry as the D6-branes. In general, 
this instanton is only supersymmetric on a (D — l)-dimensional subspace M^ 2 _ 1 
of Mc- If one now moves off continuously from Mf^_ x in the direction where the 
D6-branes are still supersymmetric, then the instanton no longer preserves the 4D 
M = 1 supersymmetry. However, the number of fermionic zero modes between 
the D6 and the E2-brane remains unchanged since the zero point energy in the 
R-sector vanishes, E R = 0, irrespective of the intersection angle. Secondly, and 
in contrast to intersecting D6-branes, the bosonic modes still have positive mass 
square. This is a consequence of the E NS > zero point energy in the NS-sector 
and guarantees that the D6-E2-brane configuration is still stable against brane 
recombination even away fron the supersymmetric locus. 

Due to the broken supersymmetry, the instanton world-volume now accom- 
modates four fermionic zero modes 6{ and 9i as required for the generation of a 
D-term. We conclude that this breaking of supersymmetry from the 4D point of 
view corresponds to a D-term breaking and gives rise to the expected E2-instanton 
corrections to the FI terms on those D6-branes which are not any longer relatively 
supersymmetric with the i?2-instanton. 

It follows that E2-instantons wrapping sLag three-cycles which preserve a 
different M = 1 subalgebra than the D6-branes induce instanton corrections to 
the D-terms. Let us be a bit more precise and ask which further conditions 
the SUSY breaking instanton sector has to meet in order to generate an Fl-term. 
Recall that the actual Fl-term arises in the four-dimensional effective supergravity 
action as the term 



where Vu{\) denotes the vector superfield containing the corresponding U(l) gauge 
potential. What we have to compute in the CFT to probe for such a coupling are 
therefore diagrams with an insertion of the vertex operator for the auxiliary field 
Du(i) on the D6-boundary in the disc or the annulus diagram accompanied by an 
even number of boundary changing operators on the disc corresponding to the 
fermionic zero modes between the D6-brane and the SUSY-breaking instanton. 

For single instantons, this implies that the intersection between the D6 and 
the E2-brane has to be non-chiral and the E2-instanton has to be uncharged, in 
agreement with the fact that the Fl-term carries no U(l) charge. The combina- 
torics of multi-instanton contributions is richer as now also diagrams involving 
several mutually non-supersymmetric instantons contribute. 




(44) 
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The actual computation of the diagram parallels the story for the F-terms. 
The and vertex operators match with the four-dimensional spinor polarisation 
of the D-term component in V, and all fermionic zero modes are to be integrated 
over. Again, the amplitude is exponentially suppressed by the instanton action. 

Similarly, inserting the vertex operators for the gauge fields on the D6-bounda- 
ries detects the instanton corrections to the holomorphic gauge kinetic functions. 
In this case, only supersymmetric configurations contribute due to the necessary 
appearance of precisely two modes on the instanton, and again the instantons 
have to be uncharged under the abelian gauge group. 

Clearly, it would be interesting to work this out in more detail. These cor- 
rections generalise the familiar structure known from Il-stability [41] for B-type 
D-branes to also include spacetime instanton corrections. Recall that the notion 
of Il-stability applies to the g s — > limit and adds up the world-sheet instanton 
contributions to the Fl-terms, which by mirror symmetry are exact at tree level 
for A-type D-branes. However, the spacetime instanton corrections are truly non- 
perturbative on both sides and finding a way to compute them would be a major 
step forward. 

3.6 Example 

After this amusing interlude, let us go back to the superpotential and give one 
simple example showing explicitly what kind of matter couplings can be generated 
and how the CP-factor combinatorics is taken care of. Consider two stacks of in 
both cases M D6-branes wrapping the three-cycles Il a and Hb with intersection 
number n a nlLj = I. One gets one chiral superfield 3>j ■ = 1, . . . , A/") localised 
at this intersection point and transforming in the (AT, A/") representation of the 
£7 (A/") x U (AT) gauge group. 

Now, imagine there exists an E2-brane wrapping a three-cycle S with non- 
vanishing intersection numbers 

[~nn a ]+ = i, [snn b ]- = i. (45) 

These generate in each case J\f zero modes Aj and Aj. Taking into account that 
one chiral superfield absorbs two fermionic zero modes, exactly one Aj and one 
Aj, it is clear that only a term has the potential to absorb all zero modes. 
Looking more closely, and observing that interchanging the order of two fermionic 
zero modes gives a relative minus sign, the coupling introduced by this instanton 
has the form 

W ~ det($ Ij ) e~ SE2 (46) 

which is reminiscent of the instanton term a la Affleck, Dine, Seiberg [42]. Of 
course, here the gauge symmetry is different from the SU (Nc) case of [42] with 
Nf = Nc — 1 non-chiral flavours. It shows that in contrast to perturbative 
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string couplings, which only involve traces over Chan-Paton factors, instantons 
can also generate couplings like determinants of matter fields involving anti- 
symmetrisations of indices. We will give more examples of possible couplings 
in section [51 

4 Type IIB/heterotic dual formulations 

So far, mainly to profit from the illustrative geometric picture we have focused on 
instanton effects for Type IIA intersecting D6-brane models, but a very similar 
story applies to the various dual D-brane models. In this section we would like to 
summarise aspects of instanton effects in these dual formulations. Application of 
mirror symmetry to intersecting D6-brane models leads to Type IIB orientifolds 
with either 09- and 05-planes or 07- and 03-planes. 

4.1 Type IIB orientifolds with 09/05 planes 

These are nothing else than compactifications of the Type I string. Here for 
tadpole cancellation, one introduces D9-branes equipped with stable U(N) vector 
bundles V a and D5-branes wrapping effective curves of the CY threefold. As has 
been summarised in [43] (see also [44]), the massless spectrum is given by various 
cohomology classes such as H l (X, V a <g>Vi,), H l (X, /\ 2 V a ) etc. The Green-Schwarz 
mechanism works in complete analogy, now gauging the shift symmetries of the 
R-R two-form C^ 2 \ More concretely there are two types of axions. The first 
kind of axions are given by dimensional reduction of on the two-cycles of 
the Calabi-Yau and are called called Kahler axions, being the imaginary parts of 
the superfields T. An additional axion arises from reducing on the complete 
CY, which leads to the so-called universal axion sitting in the dilaton superfield 
S. 

The instantons which break these shift symmetries and therefore the global 
U(l)s are El-branes wrapping holomorphic two-cycles on the CY and E5-branes 
wrapping the entire CY. In general these E5-branes can also carry stable holomor- 
phic vector bundles so that their Chern-Simons action involves both the Kahler 
axions and the universal axion. The dependence of the superpotential on T can 
therefore only be exponential. By contrast, the complex structure U and bundle 
moduli B do not contain any axions or Wilson-lines. 

The necessary condition for El-branes to generate a superpotential of the type 
described is that they wrap rigid holomorphic curves, i.e. isolated C = P 1 s. For 
such an El-brane wrapping a rigid curve C, the additional charged fermionic zero 

1 /2 

modes are counted by the cohomology classes H l (C, V a \c <£> Kq ) with i — 0, 1 
and K F i = 0{-2). 

For E5-instantons equipped with a gauge bundle Ve, the number of extra 
uncharged zero modes is given by h}{X, Ve <8> Vg). For higher rank bundles this 



26 



is generally non- vanishing, but for line bundles L it is given by h 1,0 (X) = 0. The 
absence of zero modes from HflS' intersections yields in this case the additional 
constraint H l (X, S 2 L) = for i = 1, 2, with appropriate generalisations for non- 
abelian bundles. The charged zero modes are counted by H l (X, Ve <S> V a ) and 
H^X.Ve^V^) for i = 1,2. 

Again the actual instanton computation for charged matter contributions to 
the superpotential boils down to the computation of disc amplitudes for boundary 
changing operators. The schematic form of the superpotential, making explicit 
the moduli dependence, is 

W = 2 e ~ SEl{T) f ( U > 5 ' ^ + E e- SE5(S ' T) f(U, B, $ a6 ). (47) 

El E5 

Notice that since the complex structure moduli do not contain any axion and 
the bundle moduli B no Wilson lines, the dependence on these variables does 
not have to be via an exponential factor. In particular, there are no additional 
world-sheet instanton corrections in an El- or i?5-instanton sector. 

4.2 Heterotic models 

The Type I setup sketched in the previous section is S-dual to the Spm(32)/Z 2 
heterotic string [45], more concretely to a specific embedding of products of U (N) 
gauge bundles into Spin(32)/Z 2 [46,47]. A very similar story is likewise expected 
in the context of E 8 x E 8 heterotic compactifications with anomalous U(l) factors 
as they generically appear upon embedding line or U(N) vector bundles into 
E 8 x Eg [3,48]. In the heterotic picture one has world-sheet instantons and 
Euclidean 5-brane instantons with the general moduli dependence being as in 
(|4T|) . The concrete computation is different, of course, since there are no D- 
branes and therefore no disc diagrams to be computed. In particular for the 
heterotic 5-brane instantons, it is not clear how a concrete computation can be 
performed, as the vertex operators are not known. 

World-sheet instantons have been discussed in a couple of papers [1-5]. For 
certain kinds of bundles, namely those which are described in the (half) linear 
sigma model approach, the authors of [29,49-51] have been able to prove that 
the various contributions to the superpotential exactly cancel. It remains to be 
seen whether such strong statements can also be made for certain classes of for 
instance intersecting D6-brane models. 

4.3 Type IIB orientifolds with 07/03-planes 

These orientifolds with D7- and D3-branes have extensively been studied recently, 
in particular as they allow a very clean introduction of flux compactifications 
with frozen complex structure and dilaton moduli. Most importantly, E3-brane 
instantons can also freeze the Kahler moduli [17], as applied e.g. in the KKLT 
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scenario [52]. Before we come back to this latter point, let us first discuss the 
general framework of instanton effects. 

Similarly to the Type I case, the D7-branes wrap holomorphic divisors, i.e. 
four-cycles T a in X and also carry non-trivial bundles V a . Here the dimensionally 
reduced R-R four-form C4 provides the four-dimensional axions to be gauged 
under the U(l) a gauge groups living on the stacks of D7-branes. 

Therefore, the role of the instantons generating the charged matter couplings 
is played by E3-branes wrapping holomorphic four-cycles on the CY threefold. 
Again in general these E3-branes can be equipped with holomorphic stable vector 
bundles Ve- To avoid neutral extra zero modes, the four-cycles Ye should be rigid, 
i.e. h°(TE,N) = 0, which means h^°\T E ) = 0. In addition there can be bundle 
moduli, which for line bundles Ve = L are absent if h^\T E ) = 0. There can 
also be 4D space time filling D3-branes and E(-l)-instantons, but these lead to 
non-chiral matter and only give rise to massless modes if the branes are localised 
at the same point in the transversal space. 

Additional charged zero modes are given by non-trivial intersections of the 
E3-branes with the D7-branes, which can then be compensated by extra matter 
fields in the instanton correlator. It has already been anticipated in [33] that 
if a D3-brane comes together with an E3-brane, there appears a pair A3, A3 of 
fermionic zero modes. As has been pointed out in the literature [53] , for the gen- 
eralised KKLT [52] scenario proposed in [54] the extra fermionic zero modes pose 
a problem with the up-lifting mechanism by magnetised D7-branes. Since in this 
simplified model the CY only has one four-cycle, both the E3-instanton as well 
as the uplifting D7-brane are wrapping the same four-cycle, leading necessarily 
to extra charged zero modes on the instanton world-volume. Therefore, in this 
model the E3-brane does not generate a purely exponential term in the super- 
potential; the induced non-perturbative terms rather involve appropriate extra 
charged matter fields (see [21] for a similar discussion about a non-perturbative 
superpotential via gaugino condensation on D7-branes). 

To conclude, not only the background fluxes have the potential to change the 
zero mode structure on the E3- instanton [55-57], but likewise possibly present 
D7- and D3-branes. 

5 Phenomenological implications 

Building upon our analysis in section [31 we now point out some immediate phe- 
nomenological consequences of these instanton generated terms in the superpo- 
tential. The first one concerning a new destabilisation mechanism is rather worry- 
some. Our second observation on the generation of perturbatively absent cou- 
plings is relevant for proton decay, /i-terms in the Higgs sector and right-handed 
neutrino masses in MSSM-like intersecting D6-brane models. In the latter two 
cases, instantons provide a stringy mechanism to explain hierarchies. 
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5.1 Vacuum destabilisation 



As explained, for all known classes of M = 1 supersymmetric four- dimensional 
string vacua spacetime instanton effects have the potential to not only generate 
new couplings in the theory which break the global U (1) symmetries, but they can 
also generate a superpotential leading (without any other stabilising effects) to 
a runaway behaviour for some of the scalar modes. That means that such terms 
generate a tadpole for an auxiliary F-field and therefore break supersymmetry. 

Clearly, those terms can be generated if the E2-instanton does not carry any 
additional uncharged and charged fermionic zero modes, i.e. if it is rigid and 
does not intersect any of the D6-branes. This is the analogy of the condition for 
the heterotic string of Distler /Greene [3] that there be no additional left-moving 
fermionic zero modes on the world-sheet instanton wrapping an isolated curve in 
the CY. However, we would like to investigate the question whether instantons 
which carry additional zero modes cannot destabilise the vacuum as well. 

First, if there are the right number of charged fermionic zero modes with just 
two U(l) stacks of D6-branes, a tadpole of the form 

W = $ a ,b e~ s ^ (48) 

for a charged matter field can be generated. Expanding around & a ,b = we see 
that even though W vanishes there, dW does not and therefore supersymmetry 
is broken. 

Second, one can imagine the situation depicted in figure [3, where a pair of 
charged fermionic zero modes is soaked up by for instance an open string modulus 
A a of a D6-brane. All these terms lead to an instability for the D6-brane modulus 
such that the D6-branes gets pulled away from the E2-brane in order to minimise 
the energy of the disc spanned between them. Here again d& a W does not vanish. 
The effect of the resulting non-perturbative F-term for the open string moduli is 
expected to be comparable to the one analysed in [58] on the mirror symmetric 
Type IIB side. 




E2 



Figure 7: Disc instability 
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From these results we draw the conclusion that the presence of additional zero 
modes alone is not a sufficient condition for the stability of the background. Ad- 
ditional zero modes can be soaked up in a way that still leads to a destabilisation 
of the model. This picture is consistent with the explicitly computed heterotic 
superpotential in [5]. There the one-loop determinants are indeed (vector bun- 
dle) moduli dependent and their zeros are precisely at the locations where extra 
massless modes appear. However, due to the moduli dependence, dW could nev- 
ertheless be non-vanishing, and it is precisely the derivatives of the superpotential 
which our correlation functions probe for. 

In general one expects such destabilising terms not to be completely absent 
and it is far from obvious that summing up all these terms leads to unexpected 
cancellations like for world-sheet instantons in the context of certain heterotic 
vacua [29,49,51]. At least, for toroidal models or the Z 2 x Z 2 orbifold in [59,60] 
one seems to be on the safe side as all sLag three-cycles known to us are non-rigid. 

5.2 Instanton generated matter couplings 

To be a little bit more concrete, let us consider MSSM like models of intersecting 
D6-branes. It is known that one economic way to realize such a model is to start 
with four stacks of D-branes with initial gauge symmetry [61] 



The Standard Model matter fields can be realized by bifundamental fermions as 
shown in Table [3j Note that in this case there are no chiral fermions transforming 
in the symmetric or antisymmetric representations of the unitary gauge symme- 
tries. We also assume the existence of one vector-like pair of weak Higgs doublet 
from the (be) sector. In such a model one has three U(l) gauge symmetries, 
of which the linear combination 



is required to stay massless, i.e. it is in the kernel of the matrix Q in ([15"!) . 

Since we assume that we get just the MSSM spectrum from such a brane 
configuration, we require furthermore that all brane volumes are equal. This 
means that our vacuum really exhibits gauge coupling unification at the GUT 
scale, which in Type IIA we can identify with the string scale by tuning g s 
accordingly. Moreover, we can also choose the Kaluza-Klein scale to be the string 
scale. Suppose now that we can find a completely perfect intersecting D-brane 
model. 

Since U(l)y is required to stay massless, the net hypercharge of all fermionic 
zero modes is guaranteed to vanish. This is simply a consequence of the fact that 
the linear combination (|50[) is in the kernel of the matrix Q in (IT51) . Therefore 




(49) 




(50) 
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Intersection 


Matter 


Rep. 


Y 


(a, b) 


Ql 


3x (3,2) (1A o) 


1/3 


(a,c) 


(Ur) c 


3 x (3, l) ( _i, ll0) 


-4/3 


(a', c) 


{DrY 


3x (3,l)(-i,-i,o) 


2/3 


(M) 




3x (l,2) (0 ,o,-i) 


-1 


(c, d) 


(ErY 


3 x (1, 1) (0 


2 


(c',d) 


(NrY 


3 x (l,l) (0 ,i,i) 






Table 3: Chiral massless spectrum MSSM four stack model. (.) c denotes the 
charge conjugated field. 

it is clear that all instanton-generated chiral matter couplings in the superpo- 
tential respect the gauge symmetries of the Standard Model. Only the global 
symmetries like baryon number Q B = Q a or lepton number Q L = Q d can be 
broken. For couplings which are not forbidden in perturbation theory, i.e. those 
respecting all global U(l) symmetries, the non-perturbative effects are expected 
to give merely small corrections to the perturbative values. However, for cou- 
plings generated only non-perturbatively, these are the leading order effects and 
might have interesting phenomenological consequences. 

For instance, if the zero modes match, a dangerous tadpole can only be gen- 
erated for the right-handed neutrino. More generally, all neutrino couplings 

W ~[{N R f} n e~ SE \ n = 0,1,2,... (51) 

can in principle be generated, including also a Majorana mass term. We will 
discuss such terms in more detail in section 15.41 

Another important coupling which is absent in perturbation theory is a /x- 
term /iif + H coupling, which involves the Standard Model Higgs pairs if ± that 
originate in an N = 1 chiral sector, e.g. as in systematic constructions of three- 
family supersymmetric Standard Models in [62]. Here, suitable instantons can 
likewise induce exponentially suppressed couplings and therefore explain the hi- 
erarchically small /x-term for appropriate choices of the three-cycle volumes. 

We would also like to point out that, however, in other situations the re- 
strictive fermionic zero-mode structure prohibits the generation of perturbatively 
forbidden, but phenomenologically desirable terms such as the tri-linear Yukawa 
couplings 10 10 5h in certain intersecting brane Grand Unified SU(5) models. 

Since exemplifying these two latter points would require some discussion of 
the explicit realisation of the involved matter fields in the various setups, we 
prefer to return to our prototype MSSM spectrum in table [3] and analyse the 
possibility of generating non-perturbative potentially dangerous dimension-four 
proton decay couplings and Majorana masses in more detail. The discussion of 
the other couplings in slightly different settings will be exactly along these lines. 
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5.3 Proton decay 



In this paper we do not intend to give a complete discussion about proton decay, 
but only discuss the dimension-four couplings 

W A = A [Q L (D R ) C L L ] + A' {(U R ) C (D R ) C (D R ) C ] + A" [L L L L (E R ) C ] , (52) 

which are usually absent in the MSSM due to R-parity. Taking into account that 
each matter field soaks up two charged fermionic zero modes and that the number 
of these zero modes scales with the number of branes M a in a stack, one can see 
that the first coupling [Ql (D r ) c Ll] cannot be generated by E2-instantons. The 
second coupling for instance can be generated by an E2-instanton wrapping a 
three-cycle H with the non-vanishing intersections 

[H n n a ] + = 1, [En n c ]~ = 1, [s n n'j- = 2 (53) 

giving rise to six fermionic zero modes. Of course, the last two couplings are 
suppressed by the instanton action 

-7ir^Vol E2 

e e * 9s . (54) 

However, proton decay due to the dimension four couplings above always involves 
a contribution from the first coupling. In fact, the phenomenological bounds 
from these couplings always involve the product A A' [63] and therefore, even 
after taking the E2-instanton corrections into account, the proton is stable in the 
MSSM intersecting D-brane model. Other phenomenological bounds for baryon 
and lepton number violating processes induced by the dimension four couplings 
A' and A" require a rather mild exponential suppression [64], which should be 
naturally generated by appropriate instanton actions. 



5.4 Neutrino masses 

The other sector where non-perturbative effects are important is the neutrino 
sector. As we have seen, these MSSM-like intersecting D6-brane models automat- 
ically contain right-handed neutrinos so that one can contemplate implementing 
the seesaw mechanism in this setup 0. 

First the Dirac mass terms are generated perturbatively via the weak Higgs 
effect 

W H = H + L L (N R ) C } (55) 

so that as usual one expects these mass terms to be of the order of the quark/lepton 
masses. Since Ll carries non- vanishing U(l)y charge, there are no E2-instanton 

7 For an alternative proposal for small left-handed neutrino Majorana-like masses within 
St/ (5) Grand Unified models with intersecting D6-branes, see [65]. 
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contributions to the Majorana mass of the left-handed neutrinos. There might 
be higher-dimensional couplings but these will be further suppressed with M s . 

On the contrary, as we discussed, E2-instanton effects can generate Majorana 
type masses for the right-handed neutrinos 



with the mass scale 



W m = M m {N R ) c {N R ) c (56) 



M m = xM s e ^ VolB2 , (57) 



where x summarises the contributions from the Kahler potential (normalisation 
of kinetic terms) and the one-loop determinant. One does not expect these con- 
tributions to be exponentially suppressed or enhanced so we assume that x is 
of order 0(1). Such a mass-term satisfies all selection rules if the intersection 
numbers of the rigid E2-instanton with the MSSM branes are 

s n n a = s n n' a = s n n b = s n u' b = s n n c = s n w d = o 

[E n n' c ] + = 2, [5 n n'J- = o, [s n nj- = 2, [s n u d )+ = 0. (58) 

Note that even though instanton effects are genuinely small, they are small 
compared to the natural scale in the problem, which here is the stringy mass 
scale, i.e. M s 0. 

Thus, we have now all ingredients together for the seesaw mechanism to work. 
The exponential suppression from the instanton action allows one, without any 
fine-tuning, to explain a possible hierarchy between the string or GUT scale and 
the Majorana mass scale, which phenomenologically lies in the range 10 n GeV < 
M m < 10 15 GeV. 

To get a feeling of the scales involved let us assume that one really found a 
four-stack intersecting D-brane model, which gives just the MSSM and features 
gauge coupling unification at the usual GUT scale of M GU t = 2 • 10 16 GeV, i.e. 
all the volumes of the three-cycle wrapped by the MSSM branes are equal. Then 
the gauge coupling at the GUT scale is given by 

' 1 -Vol D6 (59) 



"GUT H-s 9s 

which implies the following relation for the neutrino masses 



2tt Vol_E2 

M m = xM s e "gut voi D6 _ (go) 



8 Our whole argument here relies on the assumption that the overall mass scale of this term 
is M s . However, we only see one other stringy mass scale in the problem and that is the KK 
scale, which was also assumed to be of order M s . Due to the purely stringy origin of this term, 
the weak scale is not a natural scale to appear here, as it only appears after supersymmetry 
breaking. 
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Assuming x — 1 and isotropic three-cycles, the phenomenological bounds on the 
Majorana mass scale implies the following moderate bounds for the length scales 
of the three-cycles wrapped by the MSSM branes and the instanton 

0.4 • R m > R E2 > 0.27 • R m . (61) 

6 Conclusions 

For essentially all known phenomenologically interesting classes of supersymmet- 
ric four-dimensional string compactifications we have investigated the effects of 
non-perturbative spacetime instantons on the superpotential couplings for the 
charged matter superfields. We pointed out that the formal global U(l) charges 
carried by the exponential instanton factor are due to additional fermionic zero 
modes on the world-volume of the instanton which arise from its intersection with 
the other space time filling D-branes in the model. We provided an outline of the 
concrete computation of such instanton amplitudes and argued that eventually it 
boils down to the computation of open string disc diagrams for boundary chang- 
ing operators. These are multiplied by the one-loop vacuum diagram, where 
only those open string sectors preserving exactly two supercharges contribute. 
We briefly pointed out some further applications of these methods including the 
computation of multi-instanton contributions and the important spacetime in- 
stanton effects modifying the D-terms and the gauge kinetic functions. Whereas 
we argued that these latter non-perturbative corrections to the supersymmetry 
conditions are not expected to destabilize the vacuum drastically, it is nonetheless 
important to analyse their effects more quantitatively. In particular, it remains 
for future work to investigate possible consequences on the statistical distribution 
of supersymmetric brane vacua in the type IIA geometric regime [44,66,67] or at 
the small radius Gepner point [68,69]. 

We explained how E2-instanton effects in Type IIA orientifolds are mapped 
via T-duality to essentially E1/E5- and E3-instanton effects in Type IIB orien- 
tifolds. These latter effects have been important for recent discussions on moduli 
stabilisation and we pointed out that our general investigation forbids the D-term 
uplifting mechanism in the KKLT scenario. 

Finally, we applied this framework to MSSM like intersecting D-brane models 
and argued that besides destabilising terms also new couplings violating the global 
£7(1) symmetries can be generated. Such couplings can induce Majorana mass 
terms for the right-handed neutrinos, thus providing the essential ingredient for 
the seesaw mechanism. 

In this paper we focused mainly on single instantons which do not have any 
additional bosonic zero modes since they are wrapping rigid cycles in the inter- 
nal CY manifold. Instantons carrying additional zero modes can result in more 
general superpotential couplings presumably mixing charged matter and closed 
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string moduli fields. Moreover, here we have only presented the general descrip- 
tion of how such instanton computations can be carried out in principle. It would 
be interesting to apply these methods to concrete exactly solvable conformal field 
theory models like toroidal orbifold and Gepner models. 

It is important to see whether the heterotic instanton sum rules of [51] can 
be generalised to D-brane models, thus ensuring that they are not destabilised 
by instantons. Of course combining these non-perturbative superpotential terms 
with flux generated terms can also lead to a stabilisation of (all) moduli in certain 
string models. 

The F- and D-term instanton corrections discussed in this paper point towards 
a finite g s generalisation of M = 1 mirror symmetry including not only world- 
sheet but also spacetime instanton corrections. Such a mathematical structure, 
involving a spacetime non-perturbative extension of Fukaya/derived categories, 
seems to underly a rigorous approach to the string vacuum problem and eventu- 
ally the discipline of what should really be called string phenomenology. 
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